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Abstract. Transverse momentum event–by–event fluctuations are studied within the string–hadronic model
of high energy nuclear collisions, LUCIAE. Data on non–statistical pT fluctuations in p+p interactions are
reproduced. Fluctuations of similar magnitude are predicted for nucleus–nucleus collisions, in contradiction
to the preliminary NA49 results. The introduction of a string clustering mechanism (Firecracker Model)
leads to a further, significant increase of pT fluctuations for nucleus–nucleus collisions. Secondary hadronic
interactions, as implemented in LUCIAE, cause only a small reduction of pT fluctuations.

1 Introduction

Experimental results on event–by–event fluctuations in
nuclear collisions at relativistic energy may serve as a
crucial test of various theoretical approaches to the col-
lision process. Until now the existing models were devel-
oped with the aim to reproduce the data on single particle
yields and two particle correlations. To which extend can
the same models predict event–by–event fluctuations?

A method to study fluctuations of global kinematical
observables in high energy nuclear collisions (like fluctua-
tions of total transverse momentum) was proposed in [1].
It was applied to analyze experimental data [2,3] and test
theoretical approaches [4–6]. The method is based on the
fact that in elementary interactions (e.g. p+p interactions)
particles are produced in a correlated way which leads to
the observation of large (non–statistical) event–by–event
fluctuations. These ’elementary’ fluctuations provide a
scale relative to which the fluctuations in nuclear collisions
can be studied in a model independent way. The method
also provides a statistical tool to account for ‘trivial’ geo-
metrical fluctuations.

Recently it was shown that initial state scattering
models lead to increase of pT fluctuations [4]. This is in
contradiction with the experimental results which indicate
that the properly normalized pT fluctuations in central
Pb+Pb collisions at 158 A·GeV are significantly smaller
than the corresponding fluctuations in p+p interactions
[2,7]. To which level can the experimental result be un-
derstood as an effect of equilibration due to hadronic cas-
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cading? What is the role of possible collective effects at the
early stage of the collision, like clustering of strings? The
aim of this paper is to investigate these questions using
the string–hadronic model LUCIAE [8].

The paper is organized as follows. The analysis method
used further to study event–by–fluctuations is recalled in
Sect. 2. In the Sect. 3 we briefly sketch the basic physics
ingredients of the LUCIAE. Model calculations concerning
pT fluctuations are presented and discussed in Sect. 4.
Summary and discussion close the paper.

2 A measure of event-by-event fluctuations

Event–by–event fluctuations in nuclear collisions are usu-
ally dominated by the trivial variation in impact parame-
ter from event to event and by the purely statistical (here
we mean statistics for classical particles) variation of the
measured quantities. An analysis method that allows to
remove these trivial contributions and to determine the
remaining part of event–by–event fluctuations of trans-
verse momentum has been proposed in [1]. Following this
reference we define for every particle i in an event:

zi = pTi
− pT ,

where pT is the mean transverse momentum of accepted
particles averaged over all events (the inclusive mean).
Using zi we calculate for every event

Z =
N∑

i=1

zi,

where N is the number of accepted particles in the event.
With this definition one obtains the following measure of
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event–by–event fluctuations:

ΦpT
=

√
〈Z2〉
〈N〉 −

√
z2, (1)

where 〈N〉 and 〈Z2〉 are averages over all events and the
second term in the r.h.s. is the square root of the second
moment of the inclusive transverse momentum distribu-
tion.
The physical motivation for studying ΦpT

was given in [1]:
experimental data on N+N interactions show that parti-
cles in these collisions are not produced independently [9].
One observes large scale correlations that lead to, e.g., a
correlation between the event multiplicity and the aver-
age pT of the particles. The correlated particle emission
in elementary processes can be used to probe the dynam-
ics of nuclear collisions by measuring to which degree this
correlation is changed when going to p+A and/or A+A
collisions.
For this purpose, ΦpT

as a measure of fluctuations has
two important properties. For a large system (i.e. an A+A
collision) that is a superposition of many independent el-
ementary systems (i.e. N+N interactions), ΦpT

has a con-
stant value that is identical to that of the elementary sys-
tem. In other words if the central Pb+Pb collisions were
an independent superposition of N+N interactions, the
value of ΦpT

would remain constant, independent of the
number of superimposed elementary interactions in a sin-
gle event and its distribution in the studied sample of the
events. If on the other hand the large system consists of
particles that have been emitted independently, ΦpT

as-
sumes a value of zero. Thus ΦpT

provides us with a scale
characterising the fluctuations in nuclear collisions rela-
tive to elementary interactions at the same energy.
One should expect that ΦpT

is sensitive to both event–
by–event fluctuations in the creation of the early state of
the collision as well as in its subsequent evolution until
freeze–out.

3 The string–hadronic model – LUCIAE

The LUCIAE model is developed based on FRITIOF [10].
In the FRITIOF model a hadron is assumed to behave like
a massless relativistic string corresponding to a confined
color force field of a vortex line character embedded in a
type II color superconducting vacuum. In FRITIOF, dur-
ing the collision two hadrons are excited due to longitudi-
nal momentum transfers and/or Rutherford Parton Scat-
tering (RPS). The highly excited states will emit brems-
strahlung gluons according to the soft radiation model.
They are afterwards treated as excitations, i.e. the Lund
Strings, and allowed to decay into final state hadrons ac-
cording to the Lund fragmentation scheme [11].

The LUCIAE includes all elements of the FRITIOF
model and, additionaly, two components: a ‘Firecracker’
model and a model of hadron rescattering. In the Fire-
cracker model it is assumed that groups of neighbouring
strings may form interacting quantum states (clusters) so

that both the emission of gluonic bremsstrahlung as well
as the fragmentation properties can be affected by the
large common energy density of the interacting strings.
The maximum transverse momentum of the emitted glu-
ons is found to fulfill a condition [12] k⊥max ≤ √

µMtot,
where Mtot is the total excitation energy of a cluster and
µMtot effectively corresponds to an energy density over a
region of transverse size 1/µ. Consequently, when it comes
to heavy ion collision predictions the Firecracker model
will correspond to an essential enhancement of (mini)jets
in the center of phase space, which contributes to high pT

enhancement [12].
In the rescattering model, the produced particles

(which consist of hadrons after strong decays and the par-
ticipant nucleons) are distributed randomly in the geomet-
rical overlapping region between the projectile and the tar-
get nuclei. The target (projectile) spectator nucleons are
distributed randomly outside the overlapping region and
inside the target (projectile) sphere. A formation time is
given to each particle and a particle starts to scatter with
others after it is “formed”. Two particles will collide if
their minimum distance dmin ≤ √

σtot/π, where σtot is
the total cross section in fm2 and the minimum distance
is calculated in the cms frame of the two colliding particles
(for details see [8]).

4 The pT fluctuations in LUCIAE

The analysis of the event–by–event fluctuations in LU-
CIAE is done in several steps. In the first part of this
section we study event–by–event fluctuations in p+p in-
teractions. In the following subsections the pT fluctuations
in A+A collisions are analyzed. We study effects of inde-
pendent string superposition, string clustering and finally
the role of the hadronic rescattering.

In the analysis presented in this paper the φpT
vari-

able was calculated using all charged particles stable with
respect to strong interaction, charged spectator fragments
were excluded. The number of generated events for all an-
alyzed event samples was larger than 104. The statistical
error of the φpT

variable was calculated according to for-
mula given in the Appendix.

4.1 Fluctuations in p+p interactions

It is well established experimenatlly [9] that particle pro-
duction in p+p interactions at high energy is correlated.
It was pointed out in [1] that this correlation could lead to
a large non–statistical event–by–event fluctuations which
can be quantified by the Φ measurement.

It is essential that the string–hadronic models which
are used for the analysis of the event–by–event fluctua-
tions in A+A collisions are first checked as to whether
they reproduce the corresponding fluctuations measured
in p+p interactions. This is because in these models the
latter process is used as an input for the calculation of the
properties of the A+A collisions.
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Fig. 1. The dependence of the average transverse momentum
of π− (Figs. 1a and 1b) and π+ (Figs. 1c and 1d) mesons on
multiplicity of negatively charged hadrons for p+p interactions
at 200 GeV. The experimental results [13] are indicated by the
filled squares, whereas the results obtained within the LUCIAE
model by the open diamonds. The hard processes are included
in the case of Figs. 1a and 1c, and excluded in the case of
Figs. 1b and 1d

It was shown [1] that the ΦPT
variable is sensitive to

the correlation between the form of the pT distribution
and the event multiplicity. Therefore in Fig. 1 we compare
the experimental data on 〈pT 〉 vs n dependence for p+p
interactions at 200 GeV [13] with the LUCIAE results.
The comparison is done separately for π+ and π− mesons.
Two versions of LUCIAE are used. In Figs. 1a and 1c the
results for the full version of the model, which includes
hard processes (RPS), are shown. The results obtained by
switching off hard processes in the model are presented in
Figs. 1b and 1d. We note here that the string clustering
model as well as hadronic rescattering play no role for p+p
interactions.

The comparison indicates that LUCIAE underpredicts
both the absolute magnitude and the strength of the 〈pT 〉
vs n dependence. The hard scattering processes, which
occur in about 5% of p+p interactions at 200 GeV, play a
minor role when the 〈pT 〉 vs n dependence is considered.

The fact that the 〈pT 〉 vs n dependence is underpre-
dicted by LUCIAE may suggest that the event–by–event
pT fluctuations are smaller in the model than in the data.
This is however not the case. The ΦpT

value calculated
within LUCIAE without hard processes is about
15 MeV/c for p+p interaction at 158 GeV. This value
of ΦpT

agrees with the corresponding preliminary experi-
mental value obtained by the NA49 Collaboration [7] when
the acceptance effects are taken into account. The intro-
duction of hard scattering increases the ΦPT

value to 30

MeV/c leading to an overestimation of the experimental
number.

The above results illustrate two important features of
ΦpT

. Its value is determined not only by the 〈pT 〉 vs n de-
pendence but also by other correlations present in the par-
ticle production process (e.g. jet production). It is sensi-
tive to different properties of the production process than
the inclusive or semi–inclusive observables and therefore
yields additional information otherwise not available.

The strong increase of the ΦpT
value when the hard

processes are included may be understood as due to the
fact that the final state particles originating from the hard
process (jets) are strongly correlated in momentum space.

In order to trace the origin of the particle correlation in
the p+p interactions for soft processes in LUCIAE we ex-
changed the string fragmentation scheme by an indepen-
dent fragmentation scheme in which energy–momentum
and quantum charges are not conserved. This results in
a reduction of the ΦpT

value by a factor of about 5, to
almost zero. Thus we conclude that the conservation laws
are responsible for large event–by–event fluctuations in
soft p+p interactions at SPS energies in LUCIAE.

For the further study of pT fluctuations in A+A colli-
sions we selected the LUCIAE version without hard pro-
cesses as only this version reproduces correctly the mag-
nitude of the pT fluctuations measured for p+p interac-
tions [7].

4.2 Superposition of strings

The fundamental assumption of the string–hadronic mod-
els of A+A collisions is that the basic physics of these
collisions can be pictured as an (almost) independent su-
perposition of nucleon–nucleon (N+N) interactions.

Thus in order to study properties of this minimal
model with respect to pT fluctuations we analyze the fluc-
tuations calculated within the LUCIAE without hard pro-
cesses, string clustering and hadronic rescattering. For this
version of the model we calculate the ΦpT

for central (b = 0
fm) A+A collisions and plot it as a function of A in Fig. 2.

One observes a independence of ΦpT
of A. This be-

haviour is expected, by definition, for a model in which
A+A is assumed to be an independent superposition of
N+N interactions. In the studied version of LUCIAE there
are two effects which can cause deviations from the in-
dependent superposition picture. The nucleons in the nu-
cleus have Fermi motion and the string excitation
increases with the size of the colliding nuclei. Our nu-
merical results show that both effects play a minor role
when the ΦpT

is studied. Therefore, in this respect, the
minimal version of the string–hadronic model of A+A col-
lisions can be considered as an independent superposition
of N+N interactions.

4.3 String clustering

In the high density stage of the A+A collisions the pic-
ture of independent string superposition is obviously un-
realistic. A modification of this picture is modeled, in the
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Fig. 2. The dependence of the ΦpT on the nuclear mass num-
ber of the colliding nuclei calculated for A+A collisions at 158
A · GeV at zero impact parameter using LUCIAE model. Re-
sults obtained without hard scattering, string clustering and
secondary hadronic interactions (minimal version of the model)
are indicated by open diamonds. Behaviour obtained by includ-
ing string clustering is shown by filled squares. Filled circles
indicate the value of ΦpT obtained when the hadronic rescat-
tering is added to the minimal version of the model

framework of string–hadronic models, by introduction of
string clustering (Firecracker model) [8] or string fusion
[14].

In the Firecracker model clustering of strings allows
for a collective gluon emission and therefore is expected
to increase the pT fluctuations. The probability that the
string will form a cluster increases with the size of the
colliding nuclei and consequently the pT fluctuations due
to string clustering should increase with the size of the
colliding nuclei. In fact this is observed in Fig. 2, where
the results of the calculations with string clustering effect
are shown. For central Pb+Pb collisions the value of ΦpT

increases by a factor of about 3 when the string clustering
is added to the minimal version of the LUCIAE model.

4.4 Rescattering

The early stage of A+A collisions is followed by the stage
in which hadrons and hadronic resonances are effective de-
grees of freedom. Considerable rescattering between them
is expected to take place before the final decoupling of
produced particles. For the interpretation of the measured
event–by–event fluctuations it is crucial to understand the
role played by the hadronic rescattering process.

The ΦpT
calculated for central S+S and Pb+Pb colli-

sions within the minimal version of the LUCIAE supple-
mented by the hadronic rescattering model is shown in
Fig. 2. One observes that the pT fluctuations are slightly
reduced by the hadronic secondary interactions. This
trend can be, in fact, understood as the rescattering should
lead to the equilibration of the final state and therefore
it should reduce the fluctuations established at the early
stage. From that point of view it may even be surprising

that the role of the rescattering is relatively small, as each
produced hadron rescatters in average 6 times until decou-
pling in central Pb+Pb collision modeled by the present
version of the LUCIAE.

5 Summary and discussion

The analysis of event–by–event fluctuations in string–
hadronic model LUCIAE presented in this paper was trig-
gered by the experimental results of the NA49 Collabo-
ration [2,7]. They indicate that pT fluctuations, as mea-
sured by ΦpT

measure, are significantly reduced in central
Pb+Pb collisions at 158 A·GeV in comparison to p+p in-
teractions at the same energy.
Our main results can be summarized as follows.

1. The ΦpT
value in p+p interactions modeled by LU-

CIAE is greater than zero. This is caused by corre-
lations between particles introduced by conservation
laws and by hard scattering.

2. The ΦpT
value is independent of the size of the colliding

nuclei when A+A collisions are modeled by the mini-
mal version of the LUCIAE model (without hard scat-
tering, string clustering and hadronic rescattering). It
remains constant at the value found for p+p interac-
tions.

3. A string clustering effect, as introduced in LUCIAE,
causes a strong increase of ΦpT

with increasing size of
the colliding nuclei.

4. Final state hadronic rescattering, as modeled in LU-
CIAE, only weakly decreases the value of ΦpT

.

Our results should be confronted with the recently pre-
sented results on event–by–event fluctuations as measured
by the ΦpT

.
It was found in [4] that initial state scattering models

predict an increase of ΦpT
with the size of the colliding nu-

clei. This behaviour is similar to the behaviour obtained
by us for the string clustering effect. The relative contri-
bution of both effects (initial state scattering and string
clustering) increases with the size of the colliding nuclei.

The influence of hadronic rescattering on event–by–
event fluctuations was studied in [3] using the VENUS
model [16] and in [5] using the UrQMD model [17]. The
secondary interactions as modelled by VENUS were shown
not to influence fluctuations in pseudorapidity measured
by Φη [3]. UrQMD finds a strong reduction of the value of
ΦpT

when going from p+p interactions to central Pb+Pb
collisions. This result is in contradiction with our find-
ing (see point 4 above). We are aware of the following
differences between the current analysis and the analysis
done within UrQMD model [5,18]. In the UrQMD analy-
sis all particles at midrapidity (−0.5 < y∗ < 0.5) are used
whereas in our analysis only charged particles but with-
out rapidity selection are included. We checked however
that our conclusion on the weak influcence of rescatter-
ing remains unchanged when a ‘UrQMD acceptance’ is
used for LUCIAE events. The number of central Pb+Pb
events with rescattering was 10000 for LUCIAE and 1600
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for UrQMD1. The rescattering prescriptions are different
in UrQMD and LUCIAE. We checked however that the
number of secondary hadronic collisions in central Pb+Pb
collision is similar (about 6 rescatterings per final state
hadron).

The difference in the conclusions may be, also, due to
the fact that in UrQMD model Pauli blocking of baryons is
taken into account. This leads us to a comment on the re-
sults obtained recently by Mrówczyński [6]. He calculated
the value of ΦpT

for an equilibrium ideal gas in the grand
canonical approximation. In the case of classical particles
ΦpT

= 0. The ΦpT
value for fermions is large negative,

whereas for bosons large positive. He estimates that due
to the dominance of pions in the final state the value of
ΦpT

in the hadronic gas should be large and positive and
therefore it is not easy to understand the NA49 results
even assuming full equilibration of the matter.

We conclude from the above sketchy review that the
basic discrepancy between the results of various models re-
mains to be reconciled. Vis a vis the preliminary data ob-
tained by NA49 [2,7] which indicate a vanishing ΦpT

mea-
sure both the results of our microscopic string–hadronic
model LUCIAE, and expectation based on an equilibrium
hadron quantum gas miss the mark. On the other hand the
UrQMD model which is based on a similar physical pic-
ture predicts a vanishing ΦpT

measure. Further, ongoing
work is devoted to pinpoint the origin(s) of this apparent
discrepancy. We also urgently await final affirmation of
the preliminary NA49 data.
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Appendix

A. The fluctuation measure Φx, where x is any single par-
ticle variable, defined by Eq. 1 can be expressed in an ex-
plicit way by single event variables N , X and X2, where
N is the number of particles and

X =
N∑

i=1

xi , X2 =
N∑

i=1

x2
i .

It is easy to show that the definition (Eq. 1) is equiv-
alent to

Φx =
( 〈X2〉

〈N〉 − 2〈X〉〈XN〉
〈N〉2 +

〈N2〉〈X〉2
〈N〉3

)1/2

−
( 〈X2〉

〈N〉 − 〈X〉2
〈N〉2

)1/2

. (2)

The above formula allows to calculate value of Φx during
a single pass of data processing, without initial evaluation
of the inclusive mean, x.

1 In both models generation of a single Pb+Pb event takes
about 30’ CPU time on Pentium Pro 200

It is common to study event–by–event fluctuations by
the analysis of the variance of the ratio X/N (the mean
x for particles from a given event). From the definition of
variance we get:

V (
X

N
) = 〈X2

N2 〉 − 〈X

N
〉2. (3)

We make a trivial observation that the Φx and V (X/N)
are different functions of different moments of basic single
event observables X and N . Thus analysis of Φx is not
equivalent to the analysis of V (X/N).

B. One can estimate a statistical error of the Φx,
σ(Φx), when the single event variables N , Z2 and Z2

(Z2 =
∑N

i=1 z2
i ) are considered as the original random

variables. The Φx can be then written as:

Φx =
(∑NEV

j=1 Z2
j∑NEV

j=1 Nj

)1/2

−
(∑NEV

j=1 Z2,j∑NEV

j=1 Nj

)1/2

, (4)

where NEV is the number of events. The σ(Φx) can be
therefore expressed as:

σ2(Φx)
NEV

=
(

δΦx

δZ2

)2

V (Z2, Z2) +
(

δΦx

δZ2

)2

V (Z2, Z2)

+
(

δΦx

δN

)2

V (N, N) +
δΦx

δZ2

δΦx

δN
V (Z2, N)

+
δΦx

δZ2

δΦx

δZ2 V (Z2, Z
2) +

δΦx

δN

δΦx

δZ2
V (N, Z2),

where δΦx/δ(N, Z2, Z2) is a derivate of Φx over a sin-
gle event variable (N, Z2, Z2) and V (Y1, Y2) = 〈(Y1 −
〈Y1〉)(Y2 − 〈Y2〉)〉. Of course finally the expression for the
statistical error of Φx can be written in terms of the al-
gebraic moments as in the case of the observable Φx itself
(Eq. 2).
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